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Abstract In this paper, we are concerned with the quasilinear PDE with 
weight 

-divA{x,Vu) = \x\ a u g (x), u>0 in R n , 

where n > 3, q > p — I with p £ (1,2] and a £ (— n, 0]. The positive 
weak solution u of the quasilinear PDE is ,4-superharmonic and satisfies 
infftn u = 0. We can introduce an integral equation involving the wolff 
potential 

u(x) = R(x)W , p (\y\ a u q (y))(x), u>0 in R n , 

which the positive solution u of the quasilinear PDE satisfies. Here p £ 
(1, 2], q > p - 1, P > and < -a < p/3 < n. When < q < , 
there does not exist any positive solution to this integral equation. When 
q > ^-^^) , the positive solution u of the integral equation is bounded 
and decays with the fast rate n ~^P if and only if it is integrable (i.e. it 

ra(q-p + l) 

belongs to L p' 3 +» (R n ))- On the other hand, if the bounded solution is 
not integrable and decays with some rate, then the rate must be the slow 
one qfp+i ■ Thus, all the properties above are still true for the quasilinear 
PDE. Finally, several qualitative properties for this PDE are discussed. 
Keywords: Integral equations involving Wolff potential, decay rate, 
quasilinear equation, Hardy-Sobolev inequality, ,4-superharmonic func- 
tion 
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1 Introduction 

In this paper, we are concerned with positive solutions of the following quasi- 
linear equation with a Hardy term 

-divA(x,Vu) = \x\ a u q (x), u>0inR n , (1.1) 

Here n>3, q>p-l with p £ (1, 2], —a £ [0, n) and A : R n x R n -> R n is a 
vector valued mapping satisfying: 
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1. the mapping x — > A(x,£) is measurable for all £ € R n ; 

2. the mapping £ — > A(a;, £) is continuous for a.e. x € i? n . 

In addition, there are constants < \i\ < ^ 2 < oo such that for a.e. x G R n , 
and for all £ € -R", 

A(z,£)-£> m |£r Afoo^ie" 1 ; 
[A(a;,a)-^,6)]-(6"6)>o, (1-2) 

A^.AO -A|Ar 2 A(o;,£), if A ? 0. 
A function u e Wj„^(-R n ) H C(R n ) is called the weaA; solution of ([TTTj) . if 

/ A(x,Vu)VCdx= [ \x\ a u q C,dx, VCe Cq 00 ^™). (1.3) 

In the special case A(x,!;) = |£| p_2 £, diuA(a;, Vu) is the usual p-Laplacian 
defined by div(\Vu\ p ~ 2 Vu). Now, (jl.ip becomes 

-d^(|Vw(a;)| p - 2 Vw(V)) = |x| a u«(a;), it > in R n . (1.4) 

This equation arose in many fields such as nonlinear functional analysis, astro- 
physics and astronomy (cf. [2], [3] and [5]). In particular, it is essential in the 
study of the extremal function of the Hardy-Sobolev type inequality [T] 

A([ \u\ q+1 \x\ a dx)^r < ( f \Vu\ p dx) 1/p , MueV^{R n ), (1.5) 

JR n J R» 

where < — a < p, l<p<q+l= Hg±g) ) anc } X> lp (R n ) is the homogeneous 

Sobolev space. We call g = ~j~ — 1 the critical exponent. Such an inequality 
is the special case of the Cafarelli-Kohn-Nirenberg inequality (cf. [5], [8] and 
[29]). Applying the symmetrization and the theories of ODE, one can obtain the 
sharp constant A (cf. [25J, [35] and [ID])- To find the corresponding extremal 
function, we consider the minimization problem 

A = inf{||Vu||5;u € X> 1,p (# n ), / \u\ q+1 \x\ a dx = 1}. 

Jr n 

Since this minimization problem is invariant under the scaling transformation, 
the variational methods are difficult to be used. Badiale and Tarantello found 
the solution by the concentration compactness principle (cf. [1]). To describe 
the shape of the extremal functions, we investigate the Euler-Lagrange equation 
(|1.4p . In [33J, it was proved that all the extremal functions are cylindrically 
symmetric. 

When p — 2, (11.41) becomes 

~Au=\x\ a u q , m>0 in R n . (1.6) 

Phan and Souplct [37] studied the existence of the positive solution and obtained 
the Liouville type results. Recently, |23] used an equivalent integral equation to 
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obtain the decay rates of the positive solutions when |a;| — > oo. If a = 0, it is 
associated with the study of the well known Lane-Emden equation 



-Au = u q 1 u>0 in R n , 

which has been well studied (cf. [I], [5], [T3] and [26 ). 

When p 7^ 2, it is difficult to find an equivalent integral equation. If a positive 
solution u is a ^4-superharmonic function and satisfies inf u — 0, then u solves 
another integral equation involving the Wolff potential 

u{x) = R(x)Wp, p (\y\ a u«(y))(x) (1.7) 

with P = 1 (cf. §4). Here R{x) is double bounded. Namely, there exists C > 
such that £j < R(x) < C for all x E R n . The definition of the ^4-superharmonic 
function can be found in [3T] and [55] . 

The Wolff potential of a positive function / € L\ oc {R n ) is defined as (cf. 

nsi) 







where p > 1, /? > 0, p/3 < n, and B*(x) is a ball of radius t centered at x. This 
potential can help us to understand many nonlinear problems (see [12j . |19j . 
[20], [21], [22], [35], [36] and [39]). 

When a = and q is the critical exponent — 1, Ma, Chen and Li [54] 
obtained the integrability, boundedness and the Lipschitz continuity of positive 
solutions of (|1.7p . Based on these results, paper [24] estimated the fast decay 
rate. This asymptotic result is also true for the Wolff type integral system (cf. 
[42]). Moreover, if R(x) = 1, those positive solutions are radially symmetric 
and decreasing about xq £ R n (cf. [TO]). 

Furthermore, if j3 = a/2 and p = 2, (|1.7[) (with i?(a;) = 1) is reduced to an 
integral equation involving the Rlesz potential 

f \y\ a ui(y)dy 
u(x) = I : , u > in R . 

Lu and Zhu |31] obtained the radial symmetry and the regularity of weak solu- 
tions. Moreover, if a = 2, this integral equation is reduced to (|1.6p . Mancini, 
Fabbri and Sandeep [32] studied the sharp constant and classified the extremal 
functions of (jl.5|) . If a — 0, the integral equation above becomes 

u{x) = [ -^MfiL. (1.8) 

This equation can be used to describe the extremal functions of the Hardy- 
Littlewood-Sobolev inequality (cf. [TT], [37] and [2H])- The radial symmetry 
of integrable solutions was proved by the method of moving planes in integral 
forms. Using the regularity lifting lemma by the contraction operators, Jin and 
Li [17] obtained the optimal integrability. Afterwards, [25] presented the fast 
decay rates. 
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In this paper, we consider that q is not only the critical exponent — 1, 

but also the supercritical and the subcritical cases. Let 

n > 3,/3 > 0,p G (1,2], q > p - 1,0 < -a < pfi < n. (1.9) 

Write p* — . When f3 = 1, p* is the Sobolev conjugate index, and the weak 
solution u G V l > p {R n ) belongs to LP*(R n ). 
Introduce an important index 

n(q — p+ 1) 
pp + a 

This index sq is closely related to the invariant of the equation and the energy 
under the scaling transformation (see Theorem 14.31) . In addition, s = p* if 
and only if q is the critical exponent q = — 1. When a = 0, this critical 

exponent plays an important role in studying the existence of positive solutions 
of (TO} (cf. Corollary II in gT]). When q < p ^ n _ + p f - 1, (TT3]) has not any regular 

solution. When q > ^z^gp — 1, (jl.4|) has positive solutions. Papers [T3] and [IB] 
estimated the decay rates of solutions. Moreover, [M] obtained the fast decay 
rates of the L p " (.Resolutions of CLII when q = - 1. 

In section 2, we have a Liouville type theorem (see Theorem l2.1[) . In addition, 
we prove the following decay estimates when \x\ — > oo in sections 2 and 3. 

Theorem 1.1. If q e (0, {n+ ^l%' 1} ], then (Hfy does not have any positive 
solution for any double bounded function R(x). Assume u is a positive solution 
of (T?p with {Op. Then 

1. u is bounded and decays with the fast rate n ~Ji^ if and only if u E L s °(R n ). 

2. If a bounded solution u (jL L s °(R n ) decays with some rate, then the rate 
must be the slow one ^z^i ■ 

Consider the PDEs (jl.ip and (| 1 .4[) . We have the following qualitative results 
which are proved in section 4. 

Theorem 1.2. Let u be a positive weak solution of with U.9\) . Then 

1. the results in Theorem \l.l\ are still true. (Now, [3 = 1.) Furthermore, if 
u e L So (R n ), then u G V 1 > p (R n ). 

2. Assume the weak solution u € LP (R n ). Then Vu € L p (R n ) if and only 
i/|x| Q u« +1 G L x (fl n ). 

3. Let A 7^ 0. The scaling function u\{x) := X 9 u(Xx) is still a weak solution 
of U.l\) if and only if 9 is the slow rate • Moreover, \\u\\\ n = \\u\\ n 
if and only if t] = So- 

Corollary 1.3. If u is a classical solution of |i.^| ) with H1.9\) , then the following 
three items are equivalent: 
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1. u £ L s °(R n ); 

2. u is bounded and decays with the fast rate when \x\ — > oo; 

3. u£V 1 ' p (R n ). 

Finally, we shows that the weak solution of (jl.ip cannot be defined in 
W l ' p {R n ) when p £ [y/ri,2]. 

2 Nonexistence and slow decay rate 

In this section, we discuss the slow decay of positive solutions of (|1.7j) . In order 
to estimate the decay rate, we first show that the exponent q is larger than 

(«+q)(p-l) 
n—pfi 

2.1 Nonexistence 

Theorem 2.1. If q £ (0, {n+ ^~ 1] ], then (T7|) does not have any positive 
solution for any double bounded function R(x). 

Proof. Step 1. Let 

(n + a)(n — 1) , . 

0<g<^ ^V^- 2A 

n — pp 

Suppose that u solves (|1.7[) . then we deduce a contradiction. 
Substep 1.1. From (|1.7[) . for \x\ > 1 we can get 

f°° PP-ndt, C C 

u(x) > c i p-i — = — : = — — , (2.2) 

V '~ 721,1 * \ X \^ \x\ a ° ^ ' 

since J g (0) \ B (0) \y\ a u q (y)dy > c By this estimate and (|2.1|) . we have 



«(«) >c/ (-LHO^ 



(2.3) 



OO J i 

>c ( t 0p+a ' qao )^—. 

J2\x\ t 

When G (0, we have /3p+a-<?a > 0. Eq. (|2~3| implies u(x) = oo. 

It is impossible. 

Next, we consider the case G (^fe, ^^)- Now (g^J) leads to 

, . c 

fi IE) > 1 — ; , 



where ai = ^-ao - ^zy- 



Substep 1.2. Write 



o Bp + a , 

aj = -^-a,--! - ^-3-, J = 1,2,.... (2.4) 
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Suppose that < a^-i for k = 1, 2, • • • ,j — 1. By virtue of (I2.1j) . it follows 

,9 -i \ Pp + a q f3p + a 

p — 1 p — 1 p — 1 p — 1 

_ , 9 n — (3p f3p + a _ . n — j3p n + a 

~ p- 1 ~ J p-1 ~ p-1 ~^(p-l) 2 ^ - p-1 
n — /3p (n + a)(p — 1) n + a _ 
( (p- l) 2 ^ n-[3p p- 1 = ' 

Thus, {aj}°^ is decreasing as long as (|2.1[) is true. 

Furthermore, we claim that there must be jo > such that aj Q < 0. Once it 
is true, similar to the argument in Substep 1.1, we also get f3p + a — qaj a — i > 0, 
which leads to u(x) = oo. This contradicts with the fact that u is a positive 
solution. 

In fact, by (|2~4|) we get 



a,j = ( -) J a - H r + h( -) J r . 

p— 1 p— 1 p— 1 p— 1 

If — i j then we can find a large j such that 

/3p + a 
a j = «o - jo - _ 1 < 0. 



If 



e (!. then «o " < °- We can find a lar § e ^ such that 



P-1 ^T" 1 P" 



1 



= (^ T ) J °(«o-^ T ) + ^ T <0. 
p-1 g — p + 1 g — p + 1 



If e (0, 1), letting j ^ oo, we get 



9 sj l-(^r) J /3p + a /3p + a 

) J ao : ^ : > — r < 0. 



J K P-1' P- 1 
Thus, there must be jo such that <x J0 < 

n— p/3 



S'iep 2. Let q = ili+£H£__Li. We deduce the contradiction if u is a positive 



solution of ([L~7| . 

For R > 0, denote -Br(O) by -Br. Using (|1.7p and the Holder inequality, we 
see that for any x £ Br, 

. > ^ f R J Bt ( X )\y\ auq (y) d y^dt 

u(x) >c ( — — -„ — 

>cR- !1 ^{{ R {{ \y\ a ui{y)dy)dt)^. 

JO JB t (x) 
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By exchanging the order of the integral variables, and noting Bri 4 x [R/4,R] 
is the subset of the cone {(y, t);t € [\x — y\,R],y € Br}, we have 

u(x) >cR \y\ a u q (y)( dt)dy)~ 

J B R J\x-y\ 
>cRT S ^'{j \y\ a u q {y)dy)~^ . 

J Br/ 4, 



Therefore, we get 



\x\ a u q {x) > c\x\ a R qE ^{ j \y\ a u q {y)dy)^. (2.5) 

J Br/ 4 



Integrating on B R / A and using q — ^""^^ ^ 1 we obtain 

|a;| a M 9 (x)da; 



3 B/4 

> ci? 9 ^ / |x| a dx( / \y\ a u q {y)dy)^- 



>c{ \y\ a u q {y)dy)—^. 

J Br/4 

Here c is independent of R. Letting R — > 00 and noting g > p — 1, we have 

|x| a u«(x)(ix < 00. (2.6) 
Integrating (|2.5[) on Ar = Brm \ Br/ s (0) yields 



|a;| a M 9 (x)da; > cR q — / |a;| Q dx( / |?/| Q u 9 (y)cfy)^. 



By g = (n t_p7 1} ■ 11 follows 



|a;| tt«(a;)ds > c( / |y| Q u 9 (j/)dt/)^=r, 
where c is independent of i?. Letting R — > 00, and noting (|2.6p . we obtain 

\y\ a u q (y)dy = 0, 

which implies u = 0. It is impossible. □ 



R" 



2.2 Slow decay rate 

Theorem 12.11 shows that if (|1.7p has the positive solution it, then 

q > (n+fl)(p : 1) . (2.7) 

n — pp 



To investigate the decay rates of u, we always assume (|2.7[) holds hereafter. 
By Ip7f)l . we can see that > ^±fL. Thus, we call ^£ the fast decay 

rate and p " +a the slow one. 

g-p+l 

Let u be bounded but not intcgrable. If it decays along u(x) ~ \x\~ e when 
\x\ — > oo, we prove that the rate 9 must be the slow one fz^pi ■ 

Theorem 2.2. Let tq be an arbitrary given positive number in [sq, oo). Assume 
u € L°°(R n ) \ L r "(R n ) solves (TTp mJA (QT^). // 

lim u^)^! 61 € (0,oo), 



then 9 must be the slow decay rate p P +a , 

a q—p+l 

Proof. Step 1. Le 
that as \x\ — > oo, 



9-P4 

Proof. Step 1. Let < g p f p f 4 a 1 ■ We claim that there does not exist C > such 



u{x) > C\x\~°. 

This result shows that the decay rate of u is not slower than the slow one p ^ +a . 
If there exists C > such that for some large \x\, 

p(3 + a 



u{x)>C\x\-\ 9< 



q-p+1 



By an iteration we can deduce the contradiction. 

Denote 9 by 6q- Similar to the derivation of (|2.3|) . for |a;| > 1 we have 



u(x)>c\x\-»i, hl = ^-P?-\ 

p-1 

By induction, for some large \x\ there holds 

u(s)>c|x|A b = 9, bj = qbj - 1 - p P- a , i = l,2,.-.. 

We claim that there must be jo such that bj < 0, which leads to u(x) — oo. In 
fact, similar to the proof of Theorem 12. 1[ there also holds 

, /, pj3 + a q • pfi + a 

b j = ( b o — r)( r) J + — r- 

q-p+1 p - 1 </ — p + 1 

Noting q > p-1 (which is implied by (|2.7p ) and 6 — ^r-qrf < 0, we can find a 
large jo such that bj < 0. It is impossible since the solution u blows up. 

Step 2. Let 9 > ^P^, r > . If u <£ L r °(R n ), we claim that there 

does not exist C > such that as \x\ —> oo, 

u(x) < C\x\-°. 

This result shows that the decay rate of u is not faster than the slow rate p @ +a . 
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Suppose there exists C > such that as |x| — > oo, 

p/3 + a 



u(x) < C\x\ , where 6 > 



q-p + 1 

Since u is bounded, for some large R > 0, there holds 

u r °{x)dx = [ u r °(x)dx+ [ u r °(x)dx 
r°° dr 

<C + C r n - r ° e — . 
Jr r 

By virtue of r > , we see 

u r ° (x)dx < oo, 

R" 

which contradicts with u ^ L r ° (i? n ). □ 

Remark 2.1. Moreover, if the positive solution is radially symmetric and 
decreasing about the origin, then as \x\ — > oo 

u{x) = 0(|x|~^St). 
In fact, when t G (0, \x\/2), in D := B t (x) n {\y\ > \x\}, there hold 
u{y) > and |y| < 3|x|/2. 

In addition, \D\>\\B t {x)\> ct n . Therefore, 

u{x) >c{\x\ a u q {x))— J (i^JL) — -> c \ x \ — u—(x). 

This implies u(x) < C\x\ 1-P+ 1 . 



Remark 2.2. Consider the positive solutions u ^ L°°{R n ). We can find a 
singular solution with the slow rate p , a , . Let 

= c|cc I ~* . 

1. If (|2.7p holds, we claim that u(x) solves (jl.4l) with 

P + a p-i . . , . 1 

t=— , C = tT^FFT ri- 1 - (p- l)(i + 1) «=F+T. 

g-p + 1 

In fact, if writing = C/(|x|) = C/(r) := cr - *, we can see that the left 
hand side of (| 1 .4[) is 

-dw(|Vu| p - 2 Vn) 

= -|c/' r 2 [(p _i )c/ » + !i_l [/ '] (28) 

'n-l-(p-l)(t + l)}. 



„(p-2)(t+l) + (t+2) 
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By virtue of (|2.7[) . we get n — 1 > (p — 1)(< + 1), and hence the value 
of the result above is positive. Noting the values of t and c, we see that 
(12.81) is equal to c q r a ~ tq , which is the exact right hand side of (|1.4[) . In 
addition, the asymptotic rate t is the slow one when |x| — > oo and \x\ — > 0, 
respectively. 

2. We can find a double bounded function R(x) such that u(x) — c\x\~ l also 
solves dTTTJ). Here t = . 

In fact, write 

w f^ 2 J Bt ( X) \y\ au Wy ^dt 



II 



w 2 = 



J'bax) \y\ auq (y) d y^dt 

P- 1 . 

x\/2 t^P? t 



If * E (0, |x|/2), we have \x\/2 < \y\ < 3|x|/2 for y g B t (a;). Thus, 
ci|ar| tt -«*t n < / |y| a u«(y)dy < c 2 \x\ a -"H n , 

JB t (x) 

where < c\ < c 2 , and hence 

p/j + q-gt pff + q-qt 

d|x| p- 1 < W\ < C2\X\ p- 1 . 
If t > |x|/2, we have B t (x) C S(0, |x| + 1) C 5(0, 3t). Thus, by (l2TTj) . 



(y)dy<c[ \y\ a - qt dy<Ct n+a - qt . 



U 

B t (x) JB 3t (0) 



Therefore, 



p8 + a — qt 

W 2 < C\x\ *-i . 



Noticing i = ^z^fi > an d combining the estimates of Wi and W2 , we obtain 
ci(Wi + W 2 ) < «(a?) < ca(Wi + W 2 ). 

Setting 

J2(a?) =u(a;)[W 1 +W 2 ]- 1 , 
we know that R(x) is double bounded and u(x) solves (jl.7p . 

3 Integability and fast decay rate 
3.1 Integrability 

Theorem 3.1. Assume u G L Sa (R n ) solves {1. 7[ ) toztft. IJ.ffjj . where sq = 
" (<? -p +1) . Tfcera 

u G Vs > n ^~^ . (3.1) 

n — 

In addition, the lower bound n(p—i) °f s * s P^ ma ^ 
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Proof. Step 1. For A > 0, set 



ua{x) = w[x), if u{x) > A or \x\ > A; 
ua{x) = 0, otherwise, 

and ub{x) = u(x) — ua{x). Let a satisfy 

2-p 1 2-p n-Bp ,„„. 
-<-< - + — . (3.2) 

So cr So 71 

For g £ L CT (i?™), define operators T and 5, 

„ , , D/ , rJB t ( x )\y\ au Hy)dy ^f Bt{x) \y\ a u A - 1 (y)g(y)dy dt 
Tg(x) := R(x) (——^ )p-i 

[°°jB t (x) \y\ au A 1 (y)9(y)dy , # 

SflC*)^ ( ^ )5=r T 

and write 

* [x> -~ a[ ) J 1 t n -pp ' t n -pp t 

Clearly, u is a solution of the following equation 

9 = Tg + F. 

Step 2. T is a contraction map from L a (R n ) into itself. 
In fact, by the Holder inequality, there holds \Tg\ < Cv?~ p \Sg\ p ~ x . There- 
fore, we get 

\\Tg\U < qiull^H^H?- 1 (3-3) 

where r > satisfies 

1 2-p p- 1 

- = - + - . (3.4) 

a s r 

By dnHJl and (|«£3)) . we get 

0<^<1-^. (3.5) 
r n 

Therefore, we can use the weighted Hardy-Littlewood-Sobolev inequality and 
the Wolff type inequality to obtain 

\\Sg\\ T <C\\u^ x g\^ ^ (3.6) 

Since (03) and s = lead toE=I-I = fcji-£E,it follows from (1531) 

and the Holder inequality that HS^H*! -1 < C 1 1 -zz^t 1 1 g~ 1 1 1 <? 1 1 o- - Inserting this into 
IpO]) yields 

\\Tg\U < C\\uf-^u A p- l \\g\U. (3.7) 
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By virtue of u G L s °(R n ), C| | u|| f" 1 < i when A is sufficiently large. 
Then T is a shrinking operator. Noticing that T is linear, we know that T is a 
contraction map from L a (R n ) to itself as long as a satisfies (|3.2|) . 

.Step 5. Estimating F to lift the regularity. 

Similar to (|3.3[) and (|3.6[) . for all cr satisfying (|3.2[) . there holds 



< C\\u\\ 2 -p\\u" b \\ 



i(p-l) + TOp + a) 



where r satisfies (j3.5[) . Noting w G L s °(R n ) and the definition of 115, we see 
that F G L a (R n ) as long as cr satisfies $£2fr. Taking X = L s °(R n ), Y = L a (R n ) 
and Z = L s °(R n ) n L^i?") in Lemma 2.1 of [17], we have u G L CT (i?") for all a 
satisfying f|3 . 2|) . 

Siep ^. Extend the interval from (|3.2j) . 

Let 

ie(0,^). (3.8) 
s n(p — 1) 

Thus, we can use the weighted Hardy-Littlcwood-Sobolev inequality and the 
Wolff type inequality to deduce that 

llull, < CWu" ^ n. < CIMl ^ ns, (3.9) 

.(p-l)+.(M.) n (p-l) + S (/3p+a) 

Noting (|3.2p . from f|3.9[) we see that ||u|| s < 00 as long as s satisfies 

2 -p < n(p- 1) + s(/3p + a) ^ 2 - p + n - ftp ^ 1 

so so Tl 

Next, we will prove that 

Eq. (pTTUj) is true as long as (JSHJ) holds. (3.11) 

First, (p - l)(g - 1) > leads to g(2 - p) < q - (p - 1). Thus, < \. 

Multiplying by 2^±« yields 

^ < ^±£. (3.12) 
s nq 

Second, (J221) shows n + a > fl^tl] ■ Hence, n-p/3 > (p ~^ ( ^f+ a) . Multiplying 
by (q - 1) yields (n ~ pft)(q - 1) > (pft + o)(l - f^g) or 

^ (2-p)(p^+a) + ^ _ _ + ^ n _ 
q-p + 1 

Multiplying by n(p 1 _ 1) , we get 

r 2 -p n-p/3 P/3 + a 1 g n-p/3 
sq n nq p — 1 n(p — 1) 
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By using ([3~T21) and (13TT3")) , we can see (l3~TTj) 

n — ftp 



Sfep 5. We claim that ra ^ 3^ is optimal. In fact, for sufficiently large 



from (11.71) we deduce that 



«(*) >cfV ft(o) ^r' (g) VT 



(3.14) 



If i > J( p ^i) ; then for some large constant d > 0, 



r 



\\ u \\L-(R"\B d (oy) 

Theorem 13. H is proved. □ 

Theorem 3.2. Assume u 6 L s °(R n ) solve jl-7\ ) with U.9\) . Then u is bounded 
in R n . 

Proof. In view of (|1.7|) . 

f°° jB t { x ) \v\ a u q {y)dy ,dt 
:= C{Hx + H 2 ). 

By Holder's inequality, for any I > 1 satisfying n + > 0, we have 

\y\ a u«(y)dy<C\\u%([ \y\ ^dyf- 1 ' 1 . (3.15) 

B t (x) JB t {x) 

When i > \x\/2, 

\y\^dy< f \y\^dy<Ct n+ ^. 

When t < \x\/2, \y\ > \y - x\ for all y e B t (x). Hence 

\y\T^dy< / \y - x\T^dy < Ct n+ T^ . 

B t (x) JB t (x) 

Substituting these estimates into (|3.15[) , we get 

\y\ a u\y)dy < CIKH^-V^+a. 

B t (x) 
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Take I sufficiently large such that ql > n ^_ ^ and p[3 + a — n/l > 0. According 
to Theorem I3TJ I lit 9 11/ < oo. Therefore, 



P l t (l-l/l)n+a dt rl lip+a _ n/l dt 

H,<C ( ,„_ fln )—-<C t-^=^-<C. 



o t n ~P p t ~ Jo t 

If z e B s (x), then B f (a:) C B t+< 5(z). For 5 G (0, 1) and z € B$(x), 

=J 1 t ^ 

r- / Bt+jW \y\ a - q (v)dy , t + g + g (316) 



Combining the estimates of iii and #2) we have u(x) < C + Cu(z) for 
2 € Bs{x) 1 where 5 £ (0, 1). Integrating on Bs(x), we get 

\B 5 {x)\u{x) <C + C I u{z)dz 
Jb s (x) 

<C + C\\u\\ so \B 5 (x)\ 1 -^ <C. 



This shows u is bounded in R n . Theorem 13.21 is proved. □ 
3.2 Fast decay rate 

Theorem 3.3. Assume u € L s °(R n ) solves fOp with (Tjfy . Then 

lim u(x) = 0. (3.17) 

\x\— >oo 

Proof. Take x € R n - By Theorem EH ||u||oo < oo. Thus, Ve > 0, there exists 
5 e (0, 1) such that 

l"- 1 — < C||m||«> / t"- 1 -<£■ 



J t ~ " J t 

On the other hand, similar to the derivation of Q3.16p . as \x — x Q \ < 5, 

I" 00 fa l ^ U| a U 9 (z)(iz , fjf 

/ [Jwl_LL]^*<c «(!). 

Combining these estimates, we get 

u(xq) < e + Cu{x), for \x — xq\ < S. 
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Since u £ L 3 °(R n ), there holds limia^i^oo f Bs , Xo -j u 3 °(x)dx — 0. Thus, we have 
u s °(x ) = iBsixa)]- 1 [ u s °(x )dx 



Bs(xa) , (3.18) 
< Ce s ° + C\B s (x )\~ 1 / u s °(x)dx^0 

JBs(xo) 

when |xo| — > oo and e 0. Thus, (j3. 1 7[) is proved. □ 
Theorem 3.4. Assume u £ L s °(R n ) solves J-?.7| ) wii/i i fi.ffp . TTien we can find 

pp-n 

c > ,suc/i £/ia£ u(a;) > c|cc| p- 1 when \x\ — > oo. 

Proof. Clearly, J B2(0) \ Bl(0) u p (y)v q (y)dy > c> 0. It follows that 



f _ n-fip dt ri-lip 

> c / i p- 1 — > c\x\ p- 1 . 

J\x\+2 t 

Theorem 13.41 is proved. □ 
Theorem 3.5. Assume u £ L s "(R n ) solves |j.7| ) with 11. Sty . Then we can find 

Pp-n 

C > such that u(x) < C|x| p- 1 when \x\ — > oo. 

Proof. Take a cutting-off function ^(s) € C§°(B2 \ B\) satisfying 

< VO) < 1, /or 1 < |x| < 2; 

5 7 
V>(x) = 1, for - < \x\ < -. 

For any p > 0, set = VKf )• Define 

ft(a;) =u{x)\x\ {n+a]/q il> p {x). 

Then, one of the following two cases holds: 

(1) There exists a positive constant C (independent of p) such that 

h{x) < C, Vz; (3.19) 

(2) There exists an increasing sequence {pj}f^Li satisfying lim^oo pj = oo, 
such that as x Pj £ B 2f)] \ B Pj , 

lim h{x P] ) = oo. (3.20) 

Step 1. If p.!9p is true, then for large |a;|, 

u{x) < C\x\- {n+a)/q . (3.21) 
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When t £ (0, \x\/2), y £ B t (x) implies \x\/2 < \y\ < 3\x\/2, which leads to 
u q (y) < C|a;|-(™ +Q ). In addition, \y\ > \x\/2 >\y-x\ leads to 

/ \y\ a dy< f \y-x\ a dy<Ct n+a . 

JB t (x) JB t (x) 



Thus, we have 

V j Bt(x) \y\^(y)dy g < ^ g < _^ 

1 1 |x| p- 1 Jo 1 |a;| p- 1 

On the other hand, Theorem 13.21 and n + a > imply 

/ |y| B «*(i/)di/ < CHISc / lvl di/ < oo- 

JBi(O) JBi(O) 

Noting (|2.7[) . by the Holder inequality and Theorem 13. 11 we get 

\y\ a u«(y)dy < C\\u*y( [ |y| afe dy) lA < oo, 

fl"\Bi(0) JR n \Bi(0) 

where x = ~ e ~ a and p- = 1 — r with e > sufficiently small. Combining two 
estimates above yields 

/ \y\ a u«(y)dy < oo. (3.23) 

Then 

JB t { x )\v\ auq {v)dy ,dt ^ „ f°° ^, 

( tn-fr )*- 1 -<C t*-l-<C\ X \ 

a; |/2 & r J|x|/2 r 

Combining this result with (|3.22p . we obtain 

u{x) = R(x)Wf3 tP {u q )(x) < C\x\~^. 



Theorem 13.51 is proved in the case of (1). 

Step 2. We prove case (2) does not happen. 

Let x p be the maximum point of h(x) in B2 P \B P . It follows from (|3.20[) 
that 



< X ?1 ) = / f < In/, ^ TK- ( 3 - 24 ) 

For convenience, we denote pj by p. 

We also obtain that tp p {x p ) > 5 for some 6 > (independent of p). The 
details of the proof can be seen in [53]. Therefore, by the smoothness of ip, we 
can find a suitably small positive constant a £ (0, 1/2), such that ip p (y) > 5/2 
for \y — x p \ < a\x p \. Hence, by h(y) < h(x p ), we get 

u(y)<C^\<C(S)u(x p ), as \y - x p \ < a\x p \. (3.25) 
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Clearly, 



:°° N^Wy ^dt, (3-26) 



C(Ji + J 2 ). 



From (JXMl), it follows 



n—Bp r//; n-Bp 

J 2 <C I t- — -<C\x p \- — . (3.27) 

a\x„\ t 



Using (|3.25p . we obtain that, for r £ (0,a\x p \), 



Ji <Cu{x p )[j^ ( tn _ pp )p-x 7 

° M r f Bt ( Xp) \y\ auq - p+1 (y) d y, * <tt, (3.28) 

:= Cu(x p )(Jn + J i2 ). 

In view of a € (0,1/2), \y\ a < C\x p \ a . According to Theorem 13.31 for any 
e G (0, 1), there holds 

Jn < C\\w\\^ }) \ Xp \^ t^j< Ce\x p \^ 

as long as p is sufficiently large. On the other hand, by Holder's inequality and 
Theorem 3.1, 

/ \y\ a u«-P +1 (y)dy < \\ui~P +1 \\ k ,( [ \y\ ak dy)i < Ct n l k+a , 

JB t {x p ) JB t (x p ) 

where r^^p^np — n ~(^^~^ with e > sufficiently small. Hence, 

By virtue of (]2.7p . ftp — q ~ p j[ 1 {n — p/3 — e) + a < as long as e is sufficiently 
small. Therefore, if p is sufficiently large and r is chosen suitably large, then 

J12 < e. 

Substituting the estimates of Jn and J\i into ()3.28|) . we obtain 

Ji < Ceu(x p ) 
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when p is sufficiently large. Inserting this result and (|3.27p into (|3.26[) . and 
choosing e sufficiently small, we get 

_ n—0p 

u{x p ) < C\x p \ ~ r p-~ T ~ . 

By (|3.25p . we obtain that as \x — x p \ < a\x p \, 

u(x) < Cu(x p ) < C\x p \-^ < C\x\-^. 

Since p is arbitrary, the result above still holds for all x as long as \x\ is large. 
This result contradicts (|3.20p if we notice (|2.7p . Thus, case (2) does not happen. 

□ 



Proof of Theorem ll.il By the argument in section 2, we only need to prove 
item 1 of Theorem 11.11 

By Theorems [321 EH and [331 we see that if u £ L s °(R n ), then u is bounded 
and decays with the fast rate. On the contrary, if u is bounded and decays with 
the fast rate, we have 

CP C C°° n-pP n(3-j»+l) dr 

/ u Sn dx= u s °dx+ u s °dx<C + C r n ~— — WT^-—. 

JR n Jb r (0) JR n \B R (0) JR r 

Noting ([27f|) . we see that u e L s °(R n ). 



4 Results on PDE 
4.1 Integral equation 

Theorem 4.1. Let u be a positive weak solution of satisfying inf^n u = 0. 
Then there exists a positive function R(x) such that 

u(x) =R(x)W hp (\y\ a ui(y))(x), in R n . (4.1) 

Moreover, there exist positive constants Ci, (i = 1,2) such that 

Ci < R(x) < C 2 . (4.2) 

Proof. Since u is a positive weak solution of Ijl.ljl . it is a ^l-superharmonic 
function. According to Corollary 4.13 in [21 , by inf/j>i u = we can find two 
positive constants C\ and C2 such that 

< u(x) < C 2 W hp (u p )(x), x £ R n . (4.3) 

Set 

R{x) U{X) 



W ltP {v?)(x) 

Then the solution u of (|1.4p satisfies (|4.ip . At the same time, (I4.3P leads to 
(1421. □ 
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As a corollary of Theorems 11.11 and 14. 1 L we can see the following results. 

Theorem 4.2. If q G (0, ] , (COP fras no positive solution. Let u be a 

positive weak solution of \1. 1\) with ll.9\) . Then 

(1) u is bounded and decays with the fast rate if and only ifu£ L SQ (R n ) 
with (3 = 1. 

(2) If u 6 L°°(R n ) \ L s °(R n ) decays with some rate, then the rate must be 

the slow one ?-, . 

q-p+l 

In particular, for the positive solutions of p-Laplace equation (|1.4j) . we also 
have the same conclusions. 

4.2 Finite energy solutions and integrable solutions 

The following theorem shows that the integrable solutions satisfy the invariant 
property of the system and the norm under the scaling u\(x) = X e u(Xx) with 
A > 0. 

Theorem 4.3. Assume the scaling u\(x) is still a solution of |J.7| j with some 
new double bounded function R(x), if and only if 9 = q-p+i ■ Moreover, ||wA||r; = 
if and only if n = so. 

Remark 4.1. Let a — 0. If q is equal to the critical exponent p* — 1, then 
r) = q+l. 

Proof. Clearly, 

J Bt (x x) \y\ a u q (y)dy ,dt 



u x (x) = R{Xx)X / ( 



I p-1 . 



t n-p/3 > t 



roc J \\y\*uH\y)\»dy dt 
R ( Xx ) X I ( -p^e 

°° Jb.(x) \ z \ a u\{z)dz ds 



f P/a+q-go l--JB.(x)< > 

R(Xx)X + / ( \ n _ pp 



(i 



Here R{Xx) is a new double bounded function. u\(x) is still a weak solution of 
(jl.7l) . if and only if the exponent of A is equal to zero. Clearly, g+ g£±g^ =0 



implies 9 = J^r. 
In addition, 

V x (x)dx = A" 6 "™ f u r >(z)dz. 
The energy is invariant if and only if r\ = 5. Inserting the value of 9 we obtain 

_ n(g-p+l) n 
'/ _ p/3+Q ■ LJ 

According to Theorem 14. 1[ the positive weak solution u of (jl.ljl also solves 
(|1.7|) . Hence, the result above holds for (|1 . 1[) . In particular, the corresponding 
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result is still true for (|1.4p . In fact, we can see it by a formal calculation. If 
denoting y = Ax, then we have 

\x\ a u\(x) = \« 9 - a \y\ a u(y) 

= -\i 9 - a div y l\V y u(y)\P~ 2 V y u(y)] 

Therefore, u\ solves (II -4[) if and only if a— (9+l)(p— 1) — 1 = 0, which implies 
= J^j. On the other hand, ||u A ||„ = if and only if r\ = f = " ( 9 ~ + P a +1) . 

By the following theorem, we can introduce another solution-the finite en- 
ergy solution. 

Theorem 4.4. Let u E IP* (R n ) be a weak solution of fJUP. Then Vu E L p (i? n ) 
i/ and only if \x\ a u q+1 (x) € L x (R n ). Here p* = 

Proof. Choose a smooth function ((x) satisfying 

C(x) = 1, for \x\ < 1; 

C(x)e[0,l], /or |z| e [1,2]; 
C(x) = 0, for \x\ > 2. 



Take the test function in (|1.3p as 



CflW - C(|). (4-4) 

Thus for D := -E?3_r, there holds 

/ A(x,\7u)\7u( p R dx+ P [ uC R ~ 1 A(x,Vu)V( R dx = [ \x\ a u q+1 ( p R dx. (4.5) 
Jd Jd J d 

Necessity. If Vu € L p (i? n ), we claim |x| a u« +1 € L 1 (R n ). In fact, by using 
(II. 2[) and the Young inequality, we get 

JD 

<C(/ |Vu| p CW 1_1/p ( / u p " dx) 1/p " { f \V( R \ n dxy/ n (4.6) 

JD JD JD 

\Vu\ p ( p R dx + C( [ u p 'dx) p/p *{ [ \V( R \ n dx) p/n 
Jd Jd Jd 

for any 8 E (0, 1/3). Here C > is independent of R. Inserting this into (|4.5p 
and using (|1.2[) . we obtain 

/ \x\ a u q+1 ( p dx<C [ \Vu\ P C P R dx + C( [ u p "dx) p / p '{( \VQ R \ n dx) p/n . 
Jd " Jd Jd Jd 
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Letting R — > oo and noting 

lim / \V( R \ n dx < oo, (4.7) 



we get 



/ \x\ a u q+1 dx < oo. 



Sufficiency. If u G L p " (R n ) and |z| a u« +1 € L\R n ), we claim Vm G L p (R n ). 
Inserting (|4.6[) into (|4.5[) . and taking i5 sufficiently small, we deduce from 
(fT2"|) that 

/ \Vu\ p ( p R dx<C [ \x\ a u q+1 C R dx + C{( u p *dx) p/p *([ \V( R \ n dx) p/n . 
jd Jd Jd Jd 

Letting R — >• oo and using (|4.7p we also obtain 

Vm G L p (R n ). 

The proof of Theorem 14.41 is complete. □ 



According to Theorem 14.41 we call a positive weak solution u is the finite 
energy solution of (fTTj) . if u G L p * (R n ) and |x| a u 9+1 G L^i?"). By the results 
in section 4, we also call a positive weak solution u is the integrable solution 
of (HIT]), if it G L s °{R n ). When g is equal to the critical exponent p( "+ p a) - 1, 
p* = so and hence the finite energy solution is an integrable solution. On the 
contrary, we have the following result (Theorem l4.5[) . This result, together with 
Theorem 14.41 implies that 

ueL S0 (R n )^ueV hp {R n ) (4.8) 

as long as u is a positive weak solution. 

Theorem 4.5. The integrable solution is also a finite energy solution. 



Proof. If u is an integrable solution, Theorem 14.11 shows that u solves (|1.7|) . 
According to Theorems O and E2 we have u G L s {R n ) for all § G [0, ^E%)- 
Therefore, u £ L p (R n ). In addition, by the Holder inequality, we obtain 

\x\ a u q+1 (x)dx < WuW^ 1 [ \x\ a dx < oo. 

Bi(0) JBi(0) 

and 

/ \x\ a u q+1 (x)dx < ( f \x\ ak dx) 1/k \\u q+1 \\ k , < oo 

by taking r = ~ e „~ a and -A- = 1 — r with e > sufficiently small. Thus, 
|x| a u 9+1 G L 1 (R n ). Namely, u is a finite energy solution. □ 
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Combining Theorems 14.2114.51 we complete the proof of Theorem 11.21 
Next, we prove Corollary 11.31 The following result is needed. 

Theorem 4.6. If a classical solution u of belongs to D 1,p (R n ), then q is 



the critical exponent p* — 1, and ||Vu||^ = |||a;| u p *||i. Here p* = ■ 
Proof. Write B = Br(0). First, multiplying by u and integrating on B, we have 

/ \x\ a u q+1 dx = f \\7u\ p dx- [ \\7u\P- 2 ud„uds. (4.9) 

J B JB JdB 

Here v is the unit outward normal vector to dB. By virtue of u £ T> ,p (R n ), we 



can find Rj — > oo such that 



Rj [ (\\7u\ p + u p ')ds^0, 

JdB, 



IdBj 

where Bj = B(0, Rj). Hence, when Rj — > oo, 



\Vu\ p - 2 ud v uds\ 



dB, 



<([ |Vu| p ds) 1_ p( f v?*ds)^\dBj 

JdBj JdBj 



<C{Rj \\7u\ p dsy-v(R,j u p ds)^R 3 n 

JdBj JdBj 

-> 0. 

Inserting this into (I4.9[) with R = Rj — s- oo, we get 

||Vu||* = |||as| « 9+1 ||i. (4.10) 
Multiplying the equation with (x ■ Vu) and integrating on B, we obtain 

/ \\7u\ p - 2 S7u\7(x-\7u)dx- [ \\/u\ p - 2 d v u{x-^u)ds = [ \x\ a u p {x ■ Vu)dx. 

Jb JdB JB 

Noting 



VwV(x ■ Vu) = |Vw| 2 + -x ■ V(|Vu| 2 ) 



and x = \x\is, we have 



\Vu\ p dx + - [ x ■ V(\Vu\ p )dx - R ( \Vu\ p - 2 \8 u u\ 2 ds 
P Jb JdB 



B 

1 



9 + 1 

Integrating by parts, we get 



x\ a x ■ Vu q+1 dx. 

B 



(1--) f \Vu\ p dx+- [ \Vu\ p ds-Rf \Vu\ p - 2 \d v u\ 2 ds 

P Jb P JdB JdB 



/l>!T " f U i +1 ds-^^ I |,-|" „"+',/.,■. 

B 



<7 + 1 JdB q + 1 
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According to Theorem[01 u € V 1 ' p {R n ) implies \x\ a u* +1 e L^i?™) and Vu G 
L p (R n ). Therefore, we can find Rj — > oo, such that 



Let R = Rj — > oo in (|4. 1 1[) . By means of the result above, we deduce that 



Combining with (|4.10p . we get q = p* — 1. Inserting this result into (14.101) . we 



Remark 4.2. Theorem 14 . 61 shows that if q is not equal to the critical exponent 
p* — 1, then there does not exist any classical solution in T> 1 ' p (R n ), In view of 
()4.8|) . there does not exist any classical solution in L s °{R n ). 

Proof of Corollary HT3l 

Step 1. Item 1 item 2: 

First the positive solution u of (|1.4[) is a .4-superharmonic function. In 
addition, the integrability and the decay property of u in items 1 and 2 ensure 
inffl™ w = 0. Similar to the proof of Theorem 14. 1[ we know that u solves (|1.7|) 
with (3 — 1. According to the argument in section 3, we can see the equivalence 
easily. 

Step 2. Item 1 <J=> item 3: 

If u G L s °(R n ), by Theorem|43]we get u € L p * (R n ) and |x| a u« +1 G L 1 ^"). 
Thus, we can deduce Vu € LP(R n ) from TheoremOl Therefore, it € V 1 ^(R n ). 

On the contrary, if u G X> 1,p (-R™), then Theorem 14.61 shows q + 1 = p*. Thus, 
s = p*, and hence it G V 1 ^(R n ) implies u G L s °(R n ). 

4.3 Weak solutions in V^^R 1 ) instead of W 1 * (# n ) 

Now, we explain that the weak bounded solution of can not be defined in 
the space L p (R n ) if n < p 2 . 

If it € L p (R n ) is a positive bounded solution of then inf^™ u = 0, and 

hence u solves (|1.7|) . 

When m is not integrable, according to the argument of Theorem 12. 2\ there 
exists R > such that as |x| > R, 





complete the proof of Theorem 14.61 



□ 



u(x) > c\x\ 



— e 



with sufficiently small e > 0. Thus, 
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In view of n < p , we get 

(n + a)(p- 1) > p(p + a) + _ 
n — p n 

Therefore, ((2171) implies q > Si£±2l + p -l. Hence, we obtain easily 

p + a 



n > p{ 



q-p+l 



as long as e is suitably small. Hence, ||u|| p = oo. It is impossible. 

When u is intcgrable, according to Theorems 3.4, there exists R > such 
that as |x| > R, 

u(x) > c\x\~ p- 1 . 
Therefore, by n < p 2 , we have n > P^Ef ? an d hence 

dx 



u p (x)dx > c 
This also contradicts with u G L p (R n ) 



R n \B R (o) |d p p-i 



Remark 4.3. In particular, if q is equal to the critical exponent — 1, 

then p* = so- By the Sobolev inequality, u € W /1:P (i? n ) implies that u is 
integrable. According to the argument above, we know that u $ L p (R n ). Thus, 
we can only assume that the weak solution u S T> 1,p (R n ) instead of W 1 ' p (R n ) 
as long as n <p 2 . 
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